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LetG be a graph of order n.We prove that if the size ofG is less than or equal to n−2(k−1)3,
then the complete graph Kn contains k edge-disjoint copies of G. The case k = 2 is well
known.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
We shall use standard graph theory notation. We consider only finite, undirected graphs. A graph G has vertex set V (G)
and edge set E(G). All graphs will be assumed to have neither loops nor multiple edges. By NG(x) (abbreviated to N(x)when
no confusion arises) we denote the set of vertices adjacent to x in G. For a vertex set X , the set NG(X) (abbreviated to N(X)
when no confusion arises) denotes the external neighbourhood of X in G, i.e.
NG(X) = {y ∈ V (G) \ X : y is adjacent to some x ∈ X}.
Let G1, . . . ,Gk be n-vertex graphs. A k-packing of G1, . . . ,Gk is an embedding of these graphs as pairwise edge-disjoint
subgraphs of Kn. When all Gi are isomorphic to G, a k-packing is a k-placement of G. We call it a k-placement on W when the
embedding is expressed as injections σi : V (G)→ W . The following theorem was independently obtained in [1,2,4].
Theorem 1 ([1,2,4]). If G is a graph of order n such that |E(G)| ≤ n− 2, then G is 2-placeable.
In this paper we prove:
Theorem 2. Let k be a positive integer and G be a graph of order n ≥ 2(k−1)3. If |E(G)| ≤ n−2(k−1)3, then G is k-placeable.
Our result is related to the following conjecture of Bollobás and Eldridge [1].
Conjecture 3 ([1]). If G1, . . . ,Gk are graphs of order n such that |E(Gi)| ≤ n − k for 1 ≤ i ≤ k, then there is a k-packing of
G1, . . . ,Gk.
The cases k = 2 and k = 3 of this conjecture were proved in [4,3], respectively. In light of this conjecture, the bound on the
size of a graph in Theorem 2 is rather far from expectations. However, to our knowledge, it is the first one for all k.
2. Lemmas
Recall another classic result from graph packing theory.
E-mail address: zakandrz@uci.agh.edu.pl.
0012-365X/$ – see front matter© 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2011.08.002
A. Żak / Discrete Mathematics 311 (2011) 2634–2636 2635
Theorem 4 ([4]). If G1 and G2 are graphs of order n such that 2∆(G1)∆(G2) < n, then there is a 2-packing of G1 and G2.
Corollary 5. If k is a positive integer and G is a graph of order n such that 2(k− 1)∆2(G) < n, then G is k-placeable.
Proof. We use induction on k, with the trivial basis when k = 1. For k > 1, let G′ be the union of the k− 1 copies of G in a
(k− 1)-placement of G. Since∆(G′) ≤ (k− 1)∆(G), Theorem 4 yields a 2-packing of G and G′. Hence there is another copy
of G in the complement of G′, and G is k-placeable. 
Lemma 6. Let G be a graph and suppose that x ∈ V (G). If G has a set S of k−1 isolated vertices and G− (S∪{x}) is k-placeable,
then G is k-placeable.
Proof. Suppose that S = {y1, . . . , yk−1} and let T be a set of size |V (G)| containing S ∪ {x}. A placement σ ′1, . . . , σ ′k of
G− (S ∪ {x}) on T − (S ∪ {x}) extends to a placement of G on T on exchanging xwith yi in σi for 1 ≤ i ≤ k− 1 and leaving
S ∪ {x} fixed in σk. 
Recall the following well known fact:
Fact. Every subgraph H of Kn,n with minimum degree at least n/2 has a perfect matching.
Proof. Let S and U be the partite sets of H . Let Q be a minimum vertex cover of H , with S ′ = S ∩ Q and U ′ = U ∩ Q . If
|Q | < n, then S ′ or U ′ has size less than n/2 but contains all the neighbors of some vertex in the other part, a contradiction.
Hence |Q | = n. By the König–Egervary theorem, H has a perfect matching. 
Lemma 7. If a graph G has an independent set U of size 2k − 2 whose vertices have degree 1 and have distinct neighbors, and
there is a k-placement of G− U, then there is a k-placement of G.
Proof. Suppose that G′ = G− U , and let σ ′1, . . . , σ ′k be a k-placement of G′ on T . For j from 1 to k in order, we extend σ ′j to a
map σj : V (G)→ T ∪ U that fixes U and maps the edges incident to U into edges not previously used. Thus σ1, . . . , σk is a
k-placement of G. Suppose that S = σj(NG(U)). It suffices to show that S matches into U via edges not previously used. Let
H be the bipartite graph with partite sets S and U consisting of edges not yet used. In the previous j− 1 steps, at most j− 1
edges have been used at each of these vertices (possibly less, since S need not always be the same set). HenceH is a bipartite
graph with 2k− 2 vertices in each part and minimum degree at least k− 1. By the above fact, H has a perfect matching. 
3. Proof of Theorem 2
Our proof of Theorem 2 follows the lines of the proof of Theorem 1 from [2]. Technical difficulties that arise because of
the generalization are handled by applying Theorem 4 and Lemma 7.
Proof. For k = 1 there is nothing to prove. For k ≥ 2, we use induction on n, with the trivial basis when n = 2(k − 1)3.
For n > 2(k − 1)3, Corollary 5 completes the proof if 2(k − 1)(∆(G))2 < n, so we may assume that 2(k − 1)(∆(G))2 ≥ n,
which requires∆(G) ≥ k. Let V0 and V1 be the sets of vertices of G having degree 0 and degree 1, respectively, and let q be
the number of isolated edges in G. We consider two cases.
Case 1: |N(V1)| + q ≥ 2k− 2. Let G′ be the graph obtained by deleting 2k− 2 vertices of degree 1 having distinct neighbors.
Since the numbers of vertices and edges both decline by 2k− 2, the graph G′ also satisfies the required condition, so by the
induction hypothesis, G′ is k-placeable. By Lemma 7, G also is k-placeable.
Case 2. |N(V1)| + q ≤ 2k− 3. We group the sum of degrees according to its contributions from V0, V1, N(V1), and the rest,
needing only degree at least 2 from each remaining vertex. Thus
2|E(G)| ≥ 0+ |V1| + (|V1| − 2q)+ 2(n− |V0| − |V1| − |N(V1)|)
= 2n− 2q− 2|V0| − 2|N(V1)|.
Since |E(G)| ≤ n− 2(k− 1)3, we obtain
|V0| ≥ 2(k− 1)3 − (|N(V1)| + q) ≥ 2(k− 1)3 − (2k− 3).
Since k ≥ 2, we obtain |V0| ≥ k − 1. Let S be a set of k − 1 isolated vertices, and let x be a vertex with degree at least k.
Suppose that G′ = G− (S ∪{x}). Since G′ has k fewer vertices and at least k fewer edges than G, the required condition holds
for G′, so by the induction hypothesis, G′ is k-placeable. By Lemma 6, G also is k-placeable. 
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